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Abstract
A dynamic procedure is established within the generalised Tavis-Cummings model to generate
light states with discrete point symmetries, given by the cyclic group Cn. We consider arbitrary
dipolar coupling strengths of the atoms with a one-mode electromagnetic field in a cavity. The
method uses mainly the matter-field entanglement properties of the system, which can be extended
to any number of 3-level atoms. An initial state constituted by the superposition of two states
with definite total excitation numbers, |ψ〉M1 , and |ψ〉M2 , is considered. It can be generated by the
proper selection of the time-of-flight of an atom passing through the cavity. We demonstrate that
the resulting Husimi function of the light is invariant under cyclic point transformations of order
n = |M1 −M2|.
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I. INTRODUCTION
QED in cavities is a very useful tool to explore, measure, and control quantised radiation
fields and atomic systems coupled coherently within an electromagnetic resonator. Typically,
a resonator is formed by two mirrors inside of which there is an atom at rest or passing
through the cavity. For a single 2-level atom, the system has four parameters, viz., the
spontaneous emission, the quality factor of the cavity, the atom-field coupling strength, and
the travel time in the cavity. The observed effects in QED cavities include modifications in
the spontaneous emission rates, changes in the atomic energy spectrum, and the continuous
matter-field interchange of energy [1–3].
Systems of Na non-interacting 2-level atoms or molecules confined in a small container
compared with the radiation wavelength have been studied within the Dicke model. In this
model, the dipolar interaction between the atoms and the field is considered [4]. For the
one atom case, the model (called the Jaynes-Cummings model) is exactly soluble with and
without the rotating wave approximation (RWA) [5, 6]. For an arbitrary number of 2-level
atoms or molecules in the RWA, the Tavis-Cummings (TC) model, has been also solved
analytically under resonant conditions [7].
The Jaynes-Cummings (JC) Hamiltonian takes into account only the reversible coherent
evolution, and describes a single 2-level system strongly coupled to one mode electromag-
netic field [5]. The energy spectrum consists of an infinite ladder of doublets additionally
to the ground state. For a total number of excitations M , it is found, in resonant condi-
tions, that the splitting of the levels is equal to 2
√
M µ, where µ denotes the atom-field
coupling strength, and this allows us to observe the anti-bunching phenomenon. Other non-
linear effects in optics have been observed in the strong coupling regime between multi-level
atoms and radiation field, within the electromagnetic induced transparency (EIT) medium
scheme [8]. Another example in which it is necessary to consider 3-level atoms is in the area
of quantum information theory, for the establishment of a quantum communication protocol
in a quantum network [9].
Infinite superpositions of Fock photon states with discrete symmetries appear naturally
as symmetry adapted states in the TC and Dicke models [10]. Since the foundations of
quantum mechanics the coherent states have called the attention of the community because
they minimise the Heisenberg uncertainty relations [11]. Later works have considered su-
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perpositions of even or odd coherent states [12], and of squeezed states [13–16], all of them
describing non-classical states of light because they have different statistical properties than
the coherent states (which are usually called classical states of light [17–19]). The statistical
properties of these infinite superpositions of Fock photon states carry irreducible representa-
tions of a finite group (called crystallised Schro¨dinger cats) have also been studied [20]. Their
evolution with respect to quadratic Hamiltonians in the quadratures of the electromagnetic
field has been investigated [21]. The proposals to generate this type of states can be grouped
as follows: (i) non-linear processes [22, 23], (ii) non-demolition measurements [24, 25], and
(iii) field-atom interactions [26–28].
The purpose of this work is to generate finite superpositions of photon number operator
states with discrete symmetries given by the cyclic group Cn (Cn-states), within the gen-
eralised Tavis-Cummings model (GTC), independently of the dipolar strengths and of the
number of atoms. A possible experimental setup is also presented to generate these finite
superposition states with a fixed difference of the total excitation number, ∆M = |M1−M2|,
whose field part is invariant under point transformations of a cyclic group in n dimensions,
Cn, with n = |M1 − M2|. The stationary states of the GTC model, for the one particle
case, are given in analytic form together with the corresponding evolution operator. This
operator is then used to study the dynamics of an arbitrary initial state by properly selecting
the time-of-flight (tof) of the atom within the resonant cavity. In particular, we consider
a superposition of two states with M1 and M2 values for the total excitation number. The
results for the one-atom case can be extended to any number of atoms, under resonant
conditions as well as under detuning.
The paper is organised as follows: in section II we discuss the generalisation of the TC
model to consider atoms of 3-levels in each of the three configurations Ξ, Λ and V . For
the one-particle case, the dressed states are obtained in analytic form together with their
atom-field quantum correlations measured through the calculation of the linear entropy.
In section III the evolution operator for the single particle case is determined in analytic
form for a given total number of excitations. This is used to study the behaviour of the
light sector for two different initial conditions, which requires the reduced density matrix
for the light, and from this the calculation of the Husimi function. The formation of Cn-
states is established with this procedure. Section IV is dedicated to the evolution of an
atom traversing a cavity, and to establish the procedure to dynamically generate Cn-states
3
of light. In section V the extension to consider any number of particles is considered. The
conclusions are presented in section VI together with some additional remarks.
II. TAVIS-CUMMINGS MODEL FOR 3-LEVEL ATOMS
The Tavis-Cummings model describes a system of 2-level atoms or molecules interacting
dipolarly with a one-mode electromagnetic field of frequency Ω, in the RWA [7]. This model
has been used extensively to study quantum phase transitions as well as for applications in
quantum information theory [29–32]. A natural extension of the model is to consider 3-level
atoms, and the Hamiltonian in this case takes the form [33, 34]
H = ~Ωa†a+ ~
3∑
j=1
ωjAjj − 1√
Na
3∑
i<j=2
µij(a
†Aij + aAji) , (1)
with the convention ω1 ≤ ω2 ≤ ω3 for the atomic frequencies. Ajk denotes the raising,
lowering and weight generators of the unitary algebra in 3 dimensions, which for identical
particles can be realised in terms of bosonic operators as Ajk = b
†
j bk. Thus, Ajj is the
population operator for level j. a†,a are the creation and annihilation photon operators,
respectively. µjk is the matter-field coupling parameter between levels ωj and ωk, which is
given by µjk = ~ (ωj − ωk)djk
√
2pi ρm
~Ω , with djk the matrix elements of the dipolar operator.
In the non-resonant case we define detuning parameters ∆ij in terms of the atomic fre-
quencies ωij = ωi − ωj as (cf. Fig. 1)
Ξ :ω21 = Ω + ∆12, ω32 = Ω + ∆23, ω31 = 2 Ω + (∆12 + ∆23);
V :ω21 = Ω + ∆12, ω31 = Ω + ∆13, ω32 = ∆13 −∆12 ;
Λ :ω31 = Ω + ∆13, ω32 = Ω−∆23, ω21 = ∆13 + ∆23 .
In the RWA the operator that measures the total number of excitations
MX = a
† a+ λ2A22 + λ3A33 (2)
is a constant of motion. It is dependent on the atomic configuration: the label X indicates
the atomic configuration Ξ, V , and Λ, each one with (λ2, λ3) = {(1, 2), (1, 1), (0, 1)}, respec-
tively. In particular, in this work we will be interested in the case MX ≥ λ3Na, then the
dimension of the Hilbert space for all the configurations is (Na + 1) (Na + 2)/2 [35]. This is
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FIG. 1. Detuning parameters ∆ij for the 3-level atomic configurations Ξ, Λ, and V , respectively
(see text for details).
equivalent to the Hilbert space of a three dimensional harmonic oscillator with Na quanta
of energy.
The basis states
|ν;Na q r〉 = |ν〉 ⊗
√
r!
(Na − q)! (q − r)!Na! A
Na−q
31 A
q−r
21 |NaNaNa〉 , (3)
are the tensorial product of a Fock state |ν〉, associated to the number of photons, and
the Gelfand-Tsetlin state of Na identical particles, |Na q r〉. The lowest energy state is
determined by Ajk|NaNaNa〉 = 0, for all k > 1. Here, r denotes the eigenvalue of A11,
i.e., the population of the lowest energy level ω1, and q denotes the sum of the populations
of the two lowest energy levels. Notice that these are eigenstates of MX with eigenvalue
MX = ν + λ2 (q − r) + λ3 (Na − q). Thus MX determines the maximum number of photons
that the cavity may contain.
A. One-particle case
For Na = 1 all matter and field observables may be written as 3× 3 matrices in the basis
|1〉 := |MX − λ3; 1 0 0〉, |2〉 := |MX − λ2; 1 1 0〉, |3〉 := |MX ; 1 1 1〉, (4)
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where MX ≥ λ3.
In general, analytic expressions for the eigensystem of the Hamiltonian can be obtained
for several cases, including
(i) resonant conditions:
∆12 = ∆23 = ∆13 = 0 ⇒ ω31 = λ3 Ω, ω21 = λ2 Ω .
(ii) the following detuning conditions:
Ξ : ∆12 + ∆23 = 0 , V : ∆12 −∆13 = 0 , Λ : ∆13 −∆23 = 0.
The obtained energy spectrum is constituted by an infinite ladder of 3-level steps. Defin-
ing
EX =
√
(∆X/2)
2 + Ω2X , (5)
each step is determined by
E± = MX + ∆X/2± EX , E0 = MX , (6)
with detuning values (∆Ξ,∆V ,∆Λ) ≡ (∆12,∆12,∆13), and the frequencies ΩX for the differ-
ent configurations are given by
ΩΞ =
√
MΞ µ212 + (MΞ − 1)µ223 , (7a)
ΩV =
√
MV
(
µ212 + µ
2
13
)
, (7b)
ΩΛ =
√
MΛ
(
µ213 + µ
2
23
)
. (7c)
The eigenstates of the Hamiltonian, called dressed states, can be determined in analytic
form as a linear combination of |ν〉 ⊗ |1 q r〉 ≡ |ν; 1 q r〉. Expressions for the dressed states
for the Ξ-, V - and Λ-configurations are given in A.
In contrast to the bare states, which are separable, the dressed states exhibit entangle-
ment between matter and field. It is customary to measure this entanglement through the
von Neumann entropy of the reduced density matrix; for our purposes, in order to show
entanglement it is sufficient to calculate the linear entropy SL = 1−Tr(ρ2F ), where ρF is the
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reduced density matrix for the field, is different from zero. For the Ξ-configuration under
the condition of opposite detunings ∆23 = −∆12, using the expressions in A, we get
S
(±)
L = 1−
1
E4Ξ
(
2± ∆12EΞ
)2 {(MΞ − 1)2 µ423 +M2Ξ µ412 + (∆122 ± EΞ)4
}
, (8a)
S
(0)
L =
2MΞ(MΞ − 1)µ212 µ223
(MΞ µ212 + (MΞ − 1)µ223)2
. (8b)
Notice that S+L → S−L under the change of sign of the detuning parameter.
For the V -configuration, with ∆13 = ∆12, we get S
(0)
L = 0 and
S
(±)
L = 1−
1
E4V
(
2∓ ∆12EV
)2 {M2V (µ213 + µ212)2 + (∓∆122 + EV )4
}
, (9)
while for the Λ-configuration, under the condition of equal detuning ∆23 = ∆13, one has
only to do the replacements V → Λ, µ13 → µ23, and ∆12 → −∆13 in expression (9). Under
resonant conditions both configurations yield the simplified value S
(±)
L =
1
2
, independent of
the total number of excitations. These expressions may also allow us to distinguish between
the different configurations.
III. EVOLUTION OPERATOR
For the one atom case, the evolution operator associated to the Hamiltonian (1) can be
obtained in analytic form as U(τ) = e−iMτ UI(τ), with τ = Ω t, and UI(τ) the evolution
operator in the interaction picture, given by
UI(τ)= U11(τ) |M − λ3; 100〉〈M − λ3; 100|+ U12(τ) |M − λ3; 100〉〈M − λ2; 110|
+U13(τ) |M − λ3; 100〉〈M ; 111|
+U21(τ) |M − λ2; 110〉〈M − λ3; 100|+ U22(τ) |M − λ2; 110〉〈M − λ2; 110|
+U23(τ) |M − λ2; 110〉〈M ; 111|
+U31(τ) |M ; 111〉〈M − λ3; 100|+ U32(τ) |M ; 111〉〈M − λ2; 110|
+U33(τ) |M ; 111〉〈M ; 111| (10)
The explicit form of the evolution operator depends of the considered atomic configuration
through λ2 and λ3, and the corresponding matrix elements are given in B.
Given the experimental and technological advances, it is possible to prepare a resonant
cavity with a definite number of photons [1]. It is then relevant to consider the evolution of
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an atom in its ground state in a QED cavity with ν0 photons; at time τ the state is given
by the expression
|φν0(τ)〉 = U13(τ)|ν0 − λ3; 100〉+ U23(τ)|ν0 − λ2; 110〉+ U33(τ)|ν0; 111〉 . (11)
From this state we construct the corresponding density matrix and, by taking the partial
trace with respect to the matter sector, one gets the reduced density matrix for the electro-
magnetic field
ρF (ν0, τ) = |U13(τ)|2|ν0 − λ3〉〈ν0 − λ3|+ |U23(τ)|2|ν0 − λ2〉〈ν0 − λ2|
+|U33(τ)|2|ν0〉〈ν0| . (12)
The probability to have ν photons in the cavity at time τ then takes the form
P(ν, τ) = |U13(τ)|2δν,ν0−λ3 + |U23(τ)|2δν,ν0−λ2 + |U33(τ)|2δν,ν0 . (13)
This yields a Husimi function for the state of light which is a linear combination of
Poissonian distributions, weighted by the corresponding probability to find ν photons. An
animation of the evolution of the state of light inside the cavity, as given by this Husimi
function, for a total excitation number M , is given in the Supplementary Material for the
cases ν0 = 2 and ν0 = 7 and an atom in the Ξ-configuration.
A. Husimi function: Electromagnetic field
If we consider a superposition of matter-field states of the form
|Φ(0)〉 = cos θ|ν1; 1 1 1〉+ eiξ sin θ |ν2; 1 1 1〉 , (14)
with ν1 6= ν2, the reduced density matrix can be obtained as before and the Husimi function
is calculated by taking the expectation value with respect to the Glauber coherent state of
light |α〉:
QH(%, φ, θ, ξ) =
e−%
2
pi
(
cos2 θ
%2 ν1
ν1!
+ sin2 θ
%2 ν2
ν2!
+%ν1+ν2
sin 2 θ√
ν1! ν2!
cos [(ν1 − ν2)φ− ξ]
)
, (15)
where α = % eiφ. This quasi-distribution probability function is invariant under the transfor-
mation φ→ φ+2pi/(ν1−ν2). That is, the Husimi function exhibits a cyclic point symmetry,
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C|ν1−ν2|. Notice that, at this stage, this result can be extended to any number of particles
because we have only to replace the matter sector of the state |1 1 1〉 → |NaNaNa〉, which
disappears after the tracing operation.
The dynamics of state (14) can be calculated through the action of the unitary evolution
operator, in other words,
|Φ(τ)〉 = cos θ |φν1(τ)〉+ eiξ sin θ |φν2(τ)〉 , (16)
with |φνa(τ)〉, a = 1, 2 given by Eq. (11). Calculating its density operator and taking
the partial trace with respect to the matter sector, the reduced density matrix for the
electromagnetic field takes the form
ρF (ν1, ν2, τ) = cos
2 θ ρF (ν1, τ) + sin
2 θ ρF (ν2, τ)
+ sin θ cos θ Trm
(
e−iξ |φν1(τ)〉〈φν2(τ)|+ eiξ |φν2(τ)〉〈φν1(τ)|
)
, (17)
where ρF (ν, τ) is obtained from expression (12), and
Trm(. . .) =|U13(τ)|2
[
e−iξ|ν1 − λ3〉〈ν2 − λ3|+ h.c.
]
+|U23(τ)|2
[
e−iξ|ν1 − λ2〉〈ν2 − λ2|+ h.c.
]
+|U33(τ)|2
[
e−iξ|ν1〉〈ν2|+ h.c.
]
. (18)
From this expression one calculates the Husimi function by taking the expectation value
with respect to the coherent states
QH(ν1, ν2, α, θ, ξ, τ) =
1
pi
〈α|ρF (ν1, ν2, τ)|α〉 , (19)
which again is invariant under point transformations of the cyclic group C|ν1−ν2|. The exten-
sion of this result to any number of particles is not straightforward. However, as we will see
below, this result is maintained.
B. Ξ-Configuration
Here we apply the previous results for a 3-level atom in the ladder configuration. We
start by calculating the photon number probabilities, which are shown in Fig. 2. Since the
probability amplitude of finding ν0 − 1 photons is given by
UI(τ)23 = i
√
MΞ µ12
sin EΞτ
EΞ e
−i∆12 τ/2 , (20)
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FIG. 2. The probability to find ν − 2 (red, dashed line), ν − 1 (black, solid line) and ν (blue,
dotted line) photons, in the state |ψν0(τ)〉, as a function of dimensionless time τ = Ω t, for the
Ξ-configuration. From left to right: µ12 < µ
(s−)
12 , µ12 = µ
(s−)
12 , and µ12 > µ
(s−)
12 .
we can always make it vanish by appropriately choosing the time
ts = npi/EΞ, n ∈ N . (21)
We may then have a resonant cavity in a superposition of states with a difference of two
photons, that is, with P(ν0 − 1, ts) = 0. Furthermore, by requiring
P(ν0 − 2, ts) = P(ν0, ts)
we have
cos
(
∆12 pi√
4ν0(µ212 + µ
2
23) + ∆
2
12 − 4µ223
)
=
(ν0 µ
2
12 − (ν0 − 1)µ223)2
4ν0(ν0 − 1)µ212 µ223
, (22)
where ∆12 is still a free parameter. When in resonance, ∆12 = 0,
µ
(s±)
12 = (
√
2± 1)
√
ν0 − 1
ν0
µ23 . (23)
This result will play an important role in Section IV.
Note that it is not necessary to require P(ν0 − 2, ts) = P(ν0, ts); having them different
from zero is enough, and this may be achieved for any value of µ12 as shown in Fig. 2,
allowing us to write any linear superposition of these two-photon states as
|ψ(0)〉F = cos θ|ν0 − 2〉+ eiξ sin θ|ν0〉 .
We will establish below a robust process for building such a superposition state.
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IV. EVOLUTION OF ONE ATOM TRAVERSING A CAVITY
In this section, we show how to generate dynamically a Cn-state of light by using resonant
or near resonant atoms with the mode field of the cavity. A possible experimental setup
could be the following: A resonant cavity is prepared to have a definite number of photons,
ν = ν0, with ν0 > 2 [1, 27]. Then a 3-level atom in the Ξ-configuration, in the ground state is
sent through the cavity. Correlations between matter and field are established, which allow
us to select the exit time ts of the atom to leave the cavity with an electromagnetic state
in a superposition with ν0 − 2 and ν0 photons, approximately with the same probability,
i.e., ts is chosen so that the amplitude of the contribution with ν0 − 1 photons vanishes
(cf. Fig. 2). The cavity is left in a state with a Husimi function which has a C2-symmetry.
Immediately, a second atom, in its lower level, is sent through the cavity. As it enters, it
feels a time-dependent matter-field coupling forming a superposition of the following form
as initial state:
|ψ(0)〉 = (cos θ|ν0 − 2〉+ eiξ sin θ|ν0〉)⊗ |1 1 1〉 , (24)
where ξ is an additional phase. This state will evolve while the atom traverses the cavity,
until it leaves. As, we have shown in the previous section, the Husimi function which
describes the light maintains a C2 point symmetry at all times, that is, the state in the
cavity is a C2-state.
So much for the mental picture. We now establish the Schro¨dinger equation with time-
dependent matter-field coupling interaction strengths. The time-dependent coupling µ(τ)
for a time-of-flight t = ttof (in units of the frequency of the field) through the cavity may be
described as
µ(ttof , t) =

exp[− ttof
t(ttof−t)
]
(exp[− 1t ] + exp[− 11−t ])
(
exp[− 1
ttof−t
] + exp[− 1
1−ttof+t
]
) for 0 < t < ttof
0 otherwise
.
The explicit expressions for µij will be given in terms of the previous function, which is
differentiable to all orders because it is a partition of unity.
For an arbitrary initial state |ψ(0)〉 = |ψ0〉 one may write its evolution in terms of the
states |ν; 1 q r〉. The matrix elements of the different atomic operators can be calculated [34].
Thus the time-dependent solution to the Schro¨dinger equation with initial condition |ψ(0)〉 =
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|ψ0〉 may be written as
|ψ(τ)〉M =
1∑
q=0
q∑
r=0
φM+q+r−2,qr(τ) e−i EM+q+r−2, q rτ |M + q + r − 2; 1 q r〉, (25)
where φM+q+r−2,qr(τ) is a time-dependent coefficient which is determined by considering the
coupling interaction of the Hamiltonian and
EM+q+r−2,q r = ΩM + (1− q) ∆23 + (1− r) ∆12 , (26)
is the energy given by the diagonal contribution of the Hamiltonian for each state |ν; 1 q r〉,
i.e., HD |ν; 1 q r〉 = Eνqr |ν; 1 q r〉. Notice that we are not necessarily considering the res-
onant case. For the resonant case ∆23 = ∆12 = 0 one has that EM+q+r−2,q r = ΩM . Since
|ψ(τ)〉 should be a solution of the time-dependent Schro¨dinger equation, the coefficients
φνqr(τ) must obey the following system of coupled differential equations
φ˙M+q+r−2, q r(τ) = −i
1∑
q′=0
q′∑
r′=0
e−i(EM+q′+r′−2, q′r′−EM+q+r−2, q r)τ
×〈M + q + r − 2; 1 q r|Hint|M + q′ + r′ − 2; 1 q′ r′〉φM+q′+r′−2, q′ r′(τ), (27)
where the matrix elements of Hint ≡ − 1√Na
∑3
i<j=1 µij
(
a†Aij + aAji
)
are given by
〈ν ′; 1 q′ r′|Hint|ν; 1 q r〉
= −µ12(τ)
(√
(ν + 1)(q − r)(r + 1) δν′ν+1 δr′r+1 +
√
ν(q − r + 1)r δν′ν−1δr′r−1
)
δq′q
−µ13(τ)
(√
(ν + 1)(1− q)(r + 1) δν′ν+1δq′q+1δr′r+1
+
√
ν (2− q) r δν′ν−1δq′q−1δr′r−1
)
−µ23(τ)
(√
(ν + 1)(1− q)(q − r + 1) δν′ν+1δq′q+1δr′r
+
√
ν (2− q) (q − r) δν′ν−1δq′q−1δr′r
)
. (28)
The system of coupled differential equations for φνqr(τ) (27) can be rewritten in matrix form:
d
dt
φ = W (τ)φ , (29)
where W is a matrix with elements Wκ1,κ2(τ), for indices κ1, κ2 = 1, 2, 3, since we are
interested in considering cases where M ≥ 2.
We now review in detail the procedure to generate dynamically the Cn-state of light:
12
1 2 3 4 5
τ0.2
0.4
0.6
0.8
1.0
P(ν,τ) Δτ
2 4 6 8
τ
0.2
0.4
0.6
0.8
1.0
P(ν,τ)
Δτ
FIG. 3. Photon number probability during the time inside the cavity for the first atom. Two
different times have been chosen which annihilate the state component with ν − 1 photons (see
text). The probabilities shown are P(ν − 2, τ) (red, dashed line), P(ν − 1, τ) (black, solid line),
and P(ν, τ) (blue, dotted line). Here, ∆τ = 1/2 and the total excitation number is M = ν = 3.
Firstly, we solve the system of differential equations (29) for the first atom in the ground
state coupled with the cavity with a definite number of photons |ψ1(0)〉 = |ν0〉⊗|1 1 1〉. Then
we determine the properties of the system, for example: the atom-field correlations through
the calculation of the von Neumann or linear entropy, the photon number probabilities,
and the Husimi function for the electromagnetic field. The photon number probabilities
during the time inside the cavity for the first atom are shown in Figure 3. Two different
exit times have been chosen which annihilate the state component with ν0 − 1 photons:
τ1 = ts + ∆τ = pi/EΞ + ∆τ (left), and τ2 = 3 ts + ∆τ = 3pi/EΞ + ∆τ (right), where ts is
given by Eq. (21). Recall that ts is the time at which the probability of finding ν = ν0 − 1
photons vanishes, according to the analytic solution obtained in the previous section. When
considering the coupling strengths dependent on time, there is however a delay equal to
∆τ = 1/2 to get the same condition. The different probabilities to find ν0, ν0−1, and ν0−2
photons, correspond to the ones shown in Fig. 2. The linear entropy is shown for the same
two different exit times in Fig. 4.
Thus, at ts + ∆τ , the first atom through the cavity leaves the electromagnetic field in the
superposition
cos θ|ν0 − 2〉+ eiξ sin θ|ν0〉 .
When a second atom enters the cavity we need to solve the system of differential equa-
tions (29). Choosing ν0 = 3, at τ = 0 we have as the initial state the superposition given in
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FIG. 4. Evolution of the linear entropy inside the cavity for the first atom. Two different times
have been chosen which annihilate the state component with ν−1 photons: τ1 (left), and τ2 (right).
For these figures we considered a total excitation number of M = 3. The horizontal dashed lines
correspond to the maximum and minimum possible values of the matter-field entanglement.
equation (24), with M1 = ν0− 2 and M2 = ν0. By calculating the photon number probabil-
ities for ν = 0, 1, 2, 3 we see that there is a tof time when the only surviving contributions
are those for ν = 0 and ν = 3 photons [cf. Fig. 5 (right)]. The cavity is then left in a
superposition with ∆M = 3. If we want to study the dynamics of matter inside a cavity in
a superposition of such states, we may follow the same procedure by sending a third atom
through the cavity.
More generally, one may prepare in this manner a Cn-state of light with an arbitrary
difference in the total excitation number. If we start with ν0 photons inside the cavity, the
first atom passing through will leave it in a superposition state of ν0 and ν0 − 2 photons,
at an exit time ts + ∆τ . A second atom entering the cavity will see a C2-light state as
depicted in Fig. 5 (left), and will leave the cavity in a photon superposition of two Fock
states as shown in Fig. 5 (right). While passing through the cavity it will allow us to
obtain light states with various ∆ν in superposition; an example is shown in Table I, where
µ12(τ) = µ(τtof , τ), µ23(τ) =
√
2 µ(τtof , τ). Note that in our construction ∆M = ∆ν.
For a ∆M = n the Husimi function given in eq. (19) presents a cyclic point symmetry
given by the group Cn. The particular case ∆M = 5 is depicted in Fig. 6.
It is interesting to see the evolution of a light-superposition state in a cavity prepared
as described above. An animation of the evolution, as given by the Husimi function, of a
superposition of 2 and 7 photons with a Ξ-configuration atom in a cavity, is presented in the
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FIG. 5. Left: C2-state with ν and ν − 2 photons, left by the passing of the first atom, and as seen
by the second atom when it enters the cavity. In this case ν = 3. Right: Evolution of the photon
number probability while the second atom traverses the cavity.
TABLE I. Photon number probabilities P(ν, τ) for the given tof time τtof , for the second atom in
a cavity with a superposition of a total excitation number given by M1 and M2. When the atom
leaves the cavity, the latter has a light superposition state with the ∆ν shown. The probabilities
are in sequential order for ν = max{0, M1 − 2} to ν = M2 photons.
M1 M2 ∆ν τtof P(ν, τ)
1 3 3 5.749 0.4993, 0.0007, 0.0000, 0.5000
3 5 4 4.510 0.4851, 0.0041, 0.0108, 0.0015, 0.4985
1 5 5 2.685 0.4935, 0.0065, 0, 0.0001, 0.0082, 0.4918
Supplementary Material for a time-step of δτ = pi/32. The effect of the parameter ξ in the
Husimi function itself, at a fixed time, is also shown as a rotation in the q − p quadrature
parameter space.
V. EXTENSION TO AN ARBITRARY FINITE NUMBER OF ATOMS
The expressions (25-29) can be generalised to any number of atoms Na. In this case the
dimension of the matrix system is given by the degeneracy of a three dimensional oscillator
with Na quanta, because we consider M ≥ 2Na. One may study the evolution of Na atoms
15
FIG. 6. The complete Husimi function plotted as a function of the field quadratures, α = (q +
ip)/
√
2 = % ei φ, for ∆M = ν2 − ν1 = 5. We use ξ = 0, θ = pi/4, ∆12 = 0, and τ = pi, and we
evaluate at (µ12, µ23) = (1,
√
2).
inside a cavity prepared in a light superposition state as described in the last section. Figure 7
shows this evolution for two 3-level atoms in their ground state, in the Ξ-configuration,
having entered a cavity prepared in a C4-light state of 1 and 5 photons, at 3 different times:
entering time τ = 0, half-way through τ = ttof/2, and leaving time τ = ttof . Similar plots
are obtained at other values of (µ12, µ23), for different numbers of atoms, and for all atomic
configurations.
Next we prove the invariance under Cn transformations of the Husimi function of light.
To that effect, we first establish the general solution of the Schro¨dinger equation as a time-
dependent linear combination of the basis states introduced in Eq. (3),
|ΦM(τ)〉 =
∑
q,r
Cmq r(t)|M − (q − r)λ2 − (Na − q)λ3;Na q r〉 . (30)
Since M−(q−r)λ2−(Na−q)λ3 denotes the number of photons, we will write it as ν(M, q, r).
The corresponding density matrix is constructed, then one takes the partial trace with
respect to the matter components to get the reduced density matrix of the electromagnetic
field, and calculate its expectation value with respect to the coherent state of light to find
the Husimi function
QmH(α, t) =
∑
q,r
|CmM q r(t)|2
e−|α|
2
ν(M, q, r)!
|α|2 ν(M,q,r) . (31)
It is immediate that this Husimi function is invariant under rotations because it is a function
16
FIG. 7. The Husimi function plotted as a function of the field quadratures, for the evolution of
two 3-level atoms in their ground state having entered a cavity prepared in a C4-light state of 1
and 5 photons. We use ξ = 0, θ = pi/4, ∆12 = 0, and τ = 0 (top left), τ = τtof/2 (top right), and
τ = τtof (bottom). We evaluate at (µ12, µ23) = (1/
√
2, 1/
√
2).
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of α = ρ ei φ. We now wish to show that a linear superposition of two or more Fock states
leads to a Husimi function with a discrete symmetry. To that end we consider the initial
state
|ψ(0)〉 = (cos θ|ν1〉+ eiξ sin θ|ν2〉)⊗ |NaNaNa〉 ,
= cos θ |Φν1(0)〉+ eiξ sin θ |Φν2(0)〉 , (32)
This state has the symmetry of Cν2−ν1 . As the cavity evolves in the presence of the Na
atoms a complete superposition of many Fock states of light will arise (together with their
corresponding atomic excitations), all of which obey the Cν2−ν1 symmetry since the Hamil-
tonian preserves this symmetry at all times. By following the same procedure as for the
one-particle case the Husimi function takes the form
QH(ν1, ν2, α, θ, ξ, τ) = cos
2 θ Qν1H (α, t) + sin
2 θ Qν2H (α, t)
+
1
2
sin 2θ
(
e−iξFν1,ν2(α, t) + c.c.
)
, (33)
where we have defined
Fν1,ν2(α, t) =
∑
q,r
Cν1q r(t)C
∗ν2
q r(t)
e−|α|
2
ρν1+ν2−2(q−r)λ2−2(Na−q)λ3 eiφ(ν1−ν2)√
ν(ν1, q, r)! ν(ν2, q, r)!
.
so that QH is invariant under the transformation φ→ φ+2pi/|ν1−ν2|, as we wanted to prove.
We have thus left the cavity with an electromagnetic field described by a superposition of
Fock states with a C|ν1−ν2| symmetry. For the case ν1 = 2, ν2 = 7, it has contributions from
ν = 0, 1, . . . , 7 components.
VI. CONCLUSIONS
In this work we have shown how to generate superpositions of photon number operator
states within the generalised Tavis-Cummings model (GTC), independently of the atomic
dipolar strengths and of the number of atoms.
The procedure for a possible experimental setup was presented to generate these state
superpositions with a fixed difference of the total excitation number, ∆M = |M1−M2|, and
it was shown that the field sector is invariant under point transformations of Cn, the cyclic
group in n dimensions, with n = |M1 −M2|.
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The stationary states of the GTC model, for the one-particle case, were given in analytic
form together with the corresponding evolution operator. This operator was used to study
the dynamics of an arbitrary initial state. By appropriately selecting the time-of-flight of
an atom through a resonant cavity, we show how to obtain crystallised states of light. In
particular, we considered a superposition of two states with M1 and M2 total excitation
numbers, and the crystallised states were given explicitly. The results for the one-atom case
were extended to any number of atoms, both under resonant conditions and with detuning.
In the Supplementary Material we exhibit: the dynamics of the Husimi function associated
to a single atom inside a cavity with ν1 = 2 and/or ν2 = 7 photons, the rotation effect of
the parameter ξ of the initial state (24), and the corresponding symmetry associated to the
cyclic group of dimension ν2 − ν1. (See Appendix C for details.)
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Appendix A: Dressed states for a 3-level atom
The dressed states for a single atom can be obtained in analytic form. They are explicitly
given for each atomic configuration in what follows:
For the Ξ-configuration with the detuning conditions ∆12 + ∆23 = 0:
|ψ0〉Ξ = −
√
MΞ µ12
ΩΞ
|MΞ − 2; 1 0 0〉+
√
MΞ − 1µ23
ΩΞ
|MΞ; 1 1 1〉 ,
|ψ±〉Ξ = 1
EΞ
(
2± ∆12EΞ
)1/2 {√MΞ − 1µ23|MΞ − 2; 1 0 0〉+√MΞ µ12 |MΞ; 1 1 1〉
−
(
∆12/2± EΞ
)
|MΞ − 1; 1 1 0〉
}
. (A1)
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For the Λ-configuration with ∆13 −∆23 = 0:
|ψ0〉Λ = − µ13√
µ213 + µ
2
23
|MΛ; 1 1 0〉+ µ23√
µ213 + µ
2
23
|MΛ; 1 1 1〉 ,
|ψ±〉Λ = 1
EΛ
(
2± ∆13EΛ
)1/2 {√MΛ µ13 |MΛ; 1 1 1〉 − (±∆132 + EΛ)|MΛ − 1; 1 0 0〉
+
√
MΛ µ23 |MΛ; 1 1 0〉
}
. (A2)
For the V -configuration with ∆12 −∆13 = 0:
|ψ0〉V = − µ12√
µ212 + µ
2
13
|MV − 1; 1 0 0〉+ µ13√
µ212 + µ
2
13
|MV − 1; 1 1 0〉 ,
|ψ±〉V = 1
EV
(
2∓ ∆12EV
)1/2 {∓√MV µ13|MV − 1; 1 0 0〉 ∓√MV µ12 |MV − 1; 1 1 0〉
+
(
∓∆12
2
+ EV
)
|MV ; 1 1 1〉
}
. (A3)
Appendix B: Evolution Operator for a 3-level atom
This operator, in the interaction picture, can be determined in analytic form for the
detuning conditions indicated in A. They take the following expressions for each atomic
configuration:
For the Ξ-configuration:
UI(τ)11 =
1
E2Ξ −∆212/4
{
MΞ µ
2
12 + (MΞ − 1)µ223
(
cos EΞτ + i∆12 sin EΞτ
2 EΞ
)
e−i∆12 τ/2
}
,
UI(τ)12 = i
√
MΞ − 1µ23 sin EΞτEΞ e
−i∆12 τ/2 ,
UI(τ)13 =
√
MΞ(MΞ − 1)µ12 µ23
E2Ξ −∆212/4
{
−1 +
(
cos EΞτ + i∆12 sin EΞτ
2 EΞ
)
e−i∆12 τ/2
}
,
UI(τ)22 =
(
cos EΞτ − i∆12 sin EΞτ
2 EΞ
)
e−i∆12 τ/2 , (B1)
UI(τ)23 = i
√
MΞ µ12
sin EΞτ
EΞ e
−i∆12 τ/2 ,
UI(τ)33 =
1
E2Ξ −∆212/4
{
(MΞ − 1)µ223 +MΞ µ212
(
cos EΞτ + i∆12 sin EΞτ
2 EΞ
)
e−i∆12 τ/2
}
.
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For the Λ-configuration:
UI(τ)11 = e
−i∆13 τ/2
{
cos EΛτ − i∆13 sin EΛτ
2 EΛ
}
,
UI(τ)12 =
−i√MΛ µ23 e−i∆13 τ/2
EΛ sin EΛτ ,
UI(τ)13 =
−i√MΛ µ13 e−i∆13 τ/2
EΛ sin EΛτ ,
UI(τ)22 =
MΛ
E2Λ −∆213/4
{
µ213 + µ
2
23e
−i∆13 τ/2
(
cos EΛτ + i∆13 sin EΛτ
2 EΛ
)}
, (B2)
UI(τ)23 = −MΛ µ12 µ23E2Λ −∆213/4
{
1− e−i∆13 τ/2
(
cos EΛτ + i∆13 sin EΛτ
2 EΛ
)}
,
UI(τ)33 =
MΛ
E2Λ −∆213/4
{
µ223 + µ
2
13e
−i∆13 τ/2
(
cos EΛτ + i∆13 sin EΛτ
2 EΛ
)}
.
For the V -configuration:
UI(τ)11 =
MV
E2V −∆212/4
{
µ212e
−i∆12 τ + µ213e
−i∆12 τ/2
(
cos EV τ − i∆12 sin EV τ
2 EV
)}
,
UI(τ)12 = −MV µ12 µ13E2V −∆212/4
{
e−i∆12 τ − e−i∆12 τ/2
(
cos EV τ − i∆12 sin EV τ
2 EV
)}
,
UI(τ)13 =
i
√
MV µ13 e
−i∆12 τ/2
EV sin EV τ , (B3)
UI(τ)22 =
MV
E2V −∆212/4
{
µ213e
−i∆12 τ + µ212e
−i∆12 τ/2
(
cos EV τ − i∆12 sin EV τ
2 EV
)}
,
UI(τ)23 =
i
√
MV µ12 e
−i∆12 τ/2
EV sin EV τ ,
UI(τ)33 = e
−i∆12 τ/2
{
cos EV τ + i∆12 sin EV τ
2 EV
}
,
and for each configuration the corresponding hermitian conjugates.
Note that for the Λ- and V -configurations the dependence in the total number of excita-
tions appears only in the argument of the trigonometric functions.
Appendix C: Evolution of the Husimi function of light
The corresponding animations of the material presented here appear in the Supplementary
Material.
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1. QED cavity with 2 or 7 photons
As an example we consider 3-level atoms in the Ξ-configuration with the following param-
eters: Ω = 1 for the field frequency, ω1 = 0, ω2 = 1, ω3 = 2 for the atomic level frequencies
(~ = 1), and dipolar strengths µ12 = 1 and µ23 =
√
2.
The most general superposition of two states with different values of the total number of
excitations is given by
|ψ0〉 = cos(θ) |ν1;Na q1 r1〉+ eiξ sin(θ) |ν2; Na q2 r2〉, (C1)
where each state is given by the direct product of the photon (Fock basis) and matter
(Gelfand basis) states |ν; Na q r〉 = |ν〉 ⊗ |Na q r〉. In terms of these quantum numbers, the
total number of excitations for Na atoms in the Ξ-configuration reads as M = ν+2Na−q−r.
For the numerical calculation we consider the particular case of a single particle Na = 1
in its ground state, i.e., q1 = q2 = r1 = r2 = Na, and the cavity in a superposition of states
with ν1 = 2 and ν2 = 7 photons. For this case the initial state is separable and takes the
form
|ψ0〉 =
[
cos(θ) |ν1〉+ eiξ sin(θ) |ν2〉
]⊗ |NaNaNa〉. (C2)
In Animations 1a, 1b in the Supplementary Material the Husimi quasi-probability is
shown as a function of dimensionless time τ = Ω t for the case of an initial state with
ξ = 0 and θ = 0 (left), which has a single M = ν1 contribution; and for an initial state
with ξ = 0 and θ = pi/2 (right), which corresponds to M = 2 and M = 7 excitations.
In the animations one may observe that both present a radial symmetry and that their
profiles evolves as volcano shapes. The radius of the volcano mouth oscillates in the range
√
M − 2 ≤ R ≤ √M as a function of time. R is defined as the square root of the expectation
value of the number of photons, R2 = (1/2)(q2 + p2). Thus for the state with M = 2 the
volcano shape can evolve into a single peak, which corresponds to the vacuum state of the
cavity.
2. C5 light state
Animation 2 in the Supplementary Material describes the evolution of a 3-level atom in
the Ξ-configuration inside a cavity, in a superposition of photon states as in Eq. (C2) with
ν1 = 2 and ν2 = 7.
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3. Effect of the parameter ξ
The effect of the ξ-parameter in the Husimi function is shown in Animation 3, in the
Supplementary Material. The initial state is taken to be that considered above in the C5-
case. We take θ = pi/4, τ = pi/2, and analyse the contour plot of the Husimi function as
function of ξ.
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